Introduction
The potential of mean force between charged colloidal particles in electrolyte solutions plays a central role in determining the stability of colloidal suspensions as encountered in inks, paints, cosmetic products, food colloids and pharmaceutical dispersionsl,2. The recent revival of intensive research interest on colloidal suspensions is motivated first, by a desire to use colloids as model systems to study structural phase transition3, and second, by a need to provide guidance for growing colloidal crystals, for example, to determine the three-dimensional structures of globular proteins using X-ray dif:fraction4,5, and for fabricating advanced ceramic materials6 and photonic crystals7. It is customary to represent the interaction between charged colloidal particles in electrolyte solutions by the Derjaguin-Landau-Verwey-Overkeek (DLVO) theory8,9. That theory predicts that an isolated pair of like-charged colloidal spheres experiences a repulsive screened Coulomb potential in addition to a hard-core repulsion and a van-der-Waals attraction. Whereas hard-core repulsion and van-der-Waals attraction are well understood, there remains controversy concerning the electrostatic potential; since the early days of colloid science, mounting evidence suggests electrostatic-induced attraction between like-charged colloidal sphereslO. Recent results from molecular simulations have shown that, in the absence ofvan-der-Waals interactions, two isolated like-charged platesll, cylinders12, or spheres13, can be attractive at small separations in an electrolyte solution containing multivalent counterions. DL VO theory fails to account for such attraction because it neglects charge fluctuations in the electrostatic double layers. Little is known concerning how the phase behavior of charged colloids predicted using DL VO 2 theory differs from that using a more accurate pair-interaction potential. Further, because interactions between charged colloidal particles in an electrolyte solution are influenced by many-body contributions of small ions and solvent molecules, pairwise additivity is not assured.
Recently, Lowen and Allahyarov reported triplet forces for colloidal particles in a small volume of electrolyte solution14. Using molecular-dynamics simulation and an extended Debye-Hlickel-type theory, Lowen and Allahyarov found that, near touching of a colloidal triplet, the three-body interaction yields a significant attractive correction to the repulsive pairwise interaction that decays monotonically . at larger separations.
However, an independent study by Tehver et al. using ab initio density-functional theory indicated the absence of three-body effects for interactions among charged colloidal particles IS. This work investigates three-body interactions among charged colloidal particles and their effect on phase behavior. Using a novel, recently proposed simulation method, we studied interactions among isolated colloidal triplets dispersed in an electrolyte solution in equilateral-triangle configurations. We considered only equilateral triplets where non-pairwise additivity is expected to be most pronounced. In contrast to previous results in the literaturel4,t5, we find that the triplet force is repulsive at short distances and becomes attractive at larger separations. Non-pairwise additivity for interaction among colloidal spheres is largely due to hard-sphere collisions; it is magnified in solutions of low ionic strength where charged colloids experience strong electrostatic 3 interactions. We calculated the effect of three-body forces on the phase behavior of charged colloids using van-der-Waals-type theories for the colloidal solutions and for crystals. The densities of coexisting phases are not significantly affected by three-body interactions at conditions investigated in this work. However, the coexisting densities are very different from those predicted using the DL VO potential.
Molecular Model and Simulation Methods
Three-body interactions among colloidal triplets were studied using a simulation method reported earlierl6. Three colloidal spheres are arranged in perfect triangles dispersed in a primitive-model electrolyte solution. According to the primitive model, the macroions and simple ions are represented by charged hard spheres immersed in a dielectric continuum, an approximation that often yields excellent agreement between solution ·structures obtained from scattering experiments and from theoretical calculationsl7-l9. We investigated interactions among isolated colloidal triplets in monovalent as well as in divalent electrolyte solutions at different concentrations. To find the effect of non-pairwise additivity, we calculated interactions between isolated colloidal pairs at solution conditions identical to those for triplet forces, i.e., at the same concentrations of counterions and coions. Figure 1 shows the arrangements of colloidal triplets and pairs for sampling three-body and pair forces. The simulation-box length is always much larger than the Debye-screening length such that periodic boundary conditions (using Ewald summation) can be applied in calculating the interaction energy.
We assumed that interactions among colloidal particles beyond one simulation-box 4 .
. length are negligible. Therefore, the simulation results can be appr~ximated by those for isolated colloidal particles surrounded by an electrolyte solution. Table I presents simulation parameters for triplet interactions. The diameters of colloidal spheres and small ions are, respectively, 2 nm and 0.4 nm in all calculations. Each colloidal particle contains 20 negative charges. The forces on each particle in lateral directions are sampled using a novel, recently proposed simulation method for hard-sphere collisions and electrostatic interactionsl6. Due to system symmetry, the total force on each particle is obtained by averaging over all lateral directions. Details of the simulation procedure are given in a previous reportl6.
As shown in Figure I , F 2 represents the average force between two isolated colloidal particles in the solution; Fj represents the average total force between any two particles in the triplet in a lateral direction. For triplet interactions, Fj contains contributions from two particles. The effective two-body ~orce, given by 2Fj I 3 , represents the force between two particles in the triplet as if pairwise additivity were applicable. The three-body force in a triplet, LlFj, is defined as the non-pairwiseadditive part of the force between particle pairs:
When LlF3 = 0, we have pairwise additivity. F3 and Fi were calculated using Monte Carlo simulation for colloidal triplets and pairs in monovalent and divalent electrolyte solutions.
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Results and Discussion Figure 2 shows three-body forces L1f3 vs. inter-particle separation. As expected, the simulation results indicate that the three-body force is most significant when colloidal triplets are close to each other. The three-body-force profile qualitatively resembles a Lennard-Jones potential that is repulsive near contacts and becomes attractive at larger separations. Our results differ from those reported by Lowen and Allahyarov primarily at distance near contacts14. Lowen and Allahyarov reported a three-body force that is always attractive. The qualitative difference between our results and those reported previously may follow from the size ratio of colloidal particles to small ions. Lowen and Allahyarov used a very high ratio of diameters equal to 1000. When salt ions are much smaller than colloidal spheres, the excluded-volume effect of small ions on the potential of mean force becomes less pronounced, while the multi-body electrostatic correlation leads to an additional attraction. Indeed, Lowen and Allahyarov showed that their simulation results can be quantitatively reproduced using an analytical theory that neglects excluded-volume interactions. In our case, because the diameter ratio of colloidal spheres to small ions is only 5, the size of small ions plays a major role. For the solution conditions considered here, the three-body force is most significant when colloidal particles are dispersed in a monovalent-salt solution aflow salt concentration, whereas it is almost negligible in a divalent-salt solution at a moderate salt concentration. Figure 3 shows the three-body force and the corresponding pair-interaction force for colloidal particles in a 1:1 electrolyte solution. At small separations, the three-body force 6 may be as much as 10% of the total force between colloidal pairs. By sampling the average force due to hard-sphere collisions and that due to electrostatic interactions, we found that the three-body repulsive force is mainly due to hard-sphere collisions at small separations, whereas the electrostatic contribution to the three-body force is almost everywhere attractive. This electrostatic attraction is responsible for the results given by Lowen and Allahyarov. In that work, hard-sphere interactions among small ions make only a very small contribution.
To investigate the effect of three-body forces on the phase behavior of a charged colloid, we applied van-der-Waals-type theories for the colloidal solution and for the crystal. A similar procedure has been used by Baus et al. to study the phase diagram of colloidal dispersions using model inter-colloidal potentials20,21; they found that the results from van-der-Waals-type theories for the phase behavior of colloidal solutions can be in quantitative agreement with results from more rigorous calculations. 
where nz is the number of charges on each colloidal sphere, K is the Debye screening parameter and / 8 is the Bjerrum length. The Debye-screening length, tc-1 , is defined by (4) where P; and q; stand, respectively, for the number density and charge of a small ion; 
Within the pairwise-additivity assumption, F(r) is the pair interaction force as calculated using Monte Carlo simulation for two isolated colloidal particles. To estimate the upper bound of the three-body effect, we use in Eq.(5) the effective two-body force 2f3 I 3 as obtained by Monte Carlo simulation for the colloidal triplets. 8 In a van-der-Waals-type theory for a colloidal crystaPO, the Helmholtz energy includes a reference term that is represented by a cell model for the corresponding hardsphere crystal, and an additional term due to the perturbation potential W(r) ,
where a is the lattice constant, zj is the number of neighbors in shell j that are separated by Rj from a center particle. Here we consider only nearest-neighbor interactions in the crystal phase. The lattice constant is related to the average number density ofthe crystal, p, and the maximum density at close packing, Pc
Colloidal spheres may form both body-centered cubic (BCC) and face-centered cubic (FCC) crystals. In a BCC crystal, each colloidal particle has 8 nearest neighbors and the maximum density is p:cc = 3.J3a-3 I 4; in a FCC crystal, each particle has 12 nearest . The densities of coexisting phases can be found by solving standard thermodynamic equilibrium equations
where superscripts a and P designate coexisting phases; the chemical potential of We calculated solution-crystal (BCC or FCC) and crystal-crystal equilibria using a potential of mean force from 1) simulated two-body potential, 2) simulated effective two-body potential, 3) and DL VO theory. The effective two-body potential from threebody simulations has been used to account for the three-body effect. Table 2 gives reduced densities (pcr 3 ) of binary coexisting phases obtained from van-der-Waals-type theories with inter-colloidal potentials from Monte Carlo simulations, or from DL VO theory. For the conditions considered here, we find that, within the van-der-Waals framework, the three-body force does not significantly affect the coexisting densities, even when there is a considerable deviation from pairwise additivity, as in a solution containing monovalent salt at low concentration. However, the phase behavior predicted using the DLVO potential can be significantly different from those using our potential of mean force as obtained by Monte Carlo simulations, especially in divalent-salt solutions where short-range attraction is observed between colloidal pairs, and in monovalent-salt solutions at very low concentration. As reported by others23, we found that at low salt concentrations (<O.lM), DLVO theory is unable to reproduce the Monte Carlo simulation results even for colloidal spheres in monovalent-salt solutions, in contrast to our previous results for interactions between colloidal spheres in monovalent salt solutions at higher concentrations (-0.3M). Because of cancellation of errors, the DLVO theory agrees almost quantitatively with simulation data at higher monovalent-salt concentrations16. Finally we note that, although thermodynamic properties may be insensitive to three-body forces, selected measurable nonequilibrium properties like precipitation kinetics may be controlled by nearest-contact configurations. In view of our present results, three-body forces appear to stabilize triplets at intermediate macroion-macroion distances while reducing the probability of macroion collisions. Therefore, three-body force may significantly affect the potential barrier which is often responsible for the apparent stability of a dispersion.
Conclusions
Prediction of the phase-behavior of colloidal solutions remains theoretically challenging even for simple colloidal systems. We apply van-der-Waals-type theories here because the main focus of this work is to study the three-body force and its consequences on phase behavior. . Upon using Monte Carlo simulations to obtain qualitative results for interactions among colloidal triplets and pairs, we found that the three-body force can be repulsive or attractive, depending on macroion-macroion separation. The three-body effect is largely due to the finite size of salt ions, and magnifies at small colloid-colloid separations or at solutions of low electrolyte concentration where colloidal particles interact intensively with each other. Within the van-der-Waals theory, the three-body force appears to have only a minor effect on phase behavior, suggesting that pairwise additivity is satisfactory for predicting the phase diagrams of colloidal systems. However, densities of coexisting phases predicted with the DL VO potential can be very different from those predicted with a more accurate potential of mean force. 
